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Abstract: In recent years, high-strength steel has been used extensively for infrastructures because of its many advantages, 

such as its ductility and strain-hardening properties, which are inferior to those of ordinary structural steel, and the small 

dimensions of the structural elements, which lead to greater freedom and elegance in design, resulting in lighter structures. In 

practice, imperfections such as residual stresses due to the welding process and pre-buckling mode imperfections are inevitable 

in cylindrical structures made of high-strength steel. A small imperfection amplitude can lead to a disproportionate reduction in 

buckling strength. Therefore, imperfection sensitivity should be considered when studying the buckling behaviour of the shell. 

The influence of the combined residual stress and pre-buckling mode imperfection on the buckling behaviour of Q690 high 

strength steel cylindrical shell under global bending has not yet been investigated and described for all dimensions. In this paper, 

the combined imperfections influences on the buckling behaviour of high-strength steel cylindrical shell in global bending in the 

elastic-plastic range are investigated. Using the ABAQUS fine elements software, perfect cylinders with a constant length to 

thickness ratio equal to 7 and a radius to thickness ratio in the range 10≤ r/t ≤700 were considered to perform the linear 

bifurcation analysis (LBA) and the geometric nonlinear analysis (GNA). The non-linear analysis with imperfections (GNIA) and 

the geometric and material non-linear analysis with imperfections (GMNIA) were then performed considering imperfection 

amplitudes between 0.01 and 2 to derive the critical buckling loads known as bifurcation point for the models with different 

aspect ratio. The influences of the combined imperfections show that moderately and very thin cylinders are very sensitive to the 

increase of the pre-buckling mode imperfection amplitude and their buckling strength is insensitive to plasticity. For thick 

cylinders, the effect of plasticity is more consistent, while the buckling strength is not significantly affected by the increase in 

pre-buckling mode imperfection amplitude. The main objective is to predict the buckling sensitivity of cylinders under the 

influence of combined residual stress and pre-buckling mode imperfection. The obtained results, comments and conclusions 

intend to allow for safer. 
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1. Introduction 

Due to their lower ductility and strain- hardening properties 

compared to normal structural steel, their small size of 

structural elements leading to more freedom and elegance in 

design and thus lighter structures, high strength steel (HSS) 

has recently been used in a variety of infrastructures compared 

to normal steel. In recent years, buckling and stability analysis 

of cylindrical shells has been a hot research topic where local 

or global buckling of the shell was considered as the cause of 

failure. Many research papers dealing with the imperfection 

sensitivity of cylinders under axial compression [1-9] and a 

few on cylindrical shells under global bending [10-13] have 

been quite well documented by numerous analytical and 

experimental studies. Shell structures under global bending 

develop a compression on top while the bottom is in tension 

(Figure 1). They show a distinctly non-linear behaviour due to 
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the coupling between the ovalisation of the cross-section and 

the local bifurcation buckling [1, 14]. Under different loading 

situations, these shells can buckle in different ways. For axial 

compressive stresses, the buckling takes a small form in a 

small area that gradually propagates to the critical value of the 

compressive stress, which extends over a large zone to form 

axial buckling in compression. For thicker shells, in the case 

of a perfect cylinder in the elastic-plastic range, the strength 

limit or first yielding occurs for the moment having the value 

given in Eq.1. 

2
yYM r tπ σ=                (1) 

With yσ the yield stress, t the thickness and r the radius of 

the structure. The full plasticity MP is obtained when the 

following equations are satisfied. 

24P yM r tσ=                 (2) 

For thicker tubes: 
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         (3) 

One of the most challenging aspects of shell design is the 

imperfection-sensitivity analysis. 

 

Figure 1. Deformation of cylinder in bending. 

Recently, finite element technology has enabled the study 

of the temperature field during welding in conjunction with 

numerical simulations of weld residual stresses and 

deformation due to welding [15-19]. In addition, the study of 

residual stresses in high strength steel with a nominal yield 

strength of 690 MPa or 700 MPa has focused on box-shaped, 

H-shaped cross-sections [20-23] and on cylindrical shell 

structures where they have been mathematically designed by 

experiment [24] and simulation [25]. Welded circular 

high-strength steel (HSS) tubes are increasingly used in truss, 

grid, net shell, power transmission and tower structures with 

the advancement of high strength steel technology [26]. The 

residual stress repartition along the cross section and its 

amplitude are influenced by several factors, including the 

shape and size of the cross-section, the welding method and 

the material properties. Ballio et al [27] found that residual 

stresses affect the compressive stability, the fatigue failure, the 

brittle fracture and the stress corrosion cracking. Yang et al [25] 

investigated the residual stress distribution in welded circular 

hollow sections with a yield strength of 690 MPa using two 

different experimental approaches for galvanized and 

non-galvanized tubes. They modelled the residual stress with 

Equations 4 and 5. 

For galvanize tube 
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For non-galvanize tube 
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Wei Yanlei et al. have shown that residual stress does not 

significantly affect the strength (-1.38% to -0.55%) of some 

cylindrical shell structures [28]. 

Geometric nonlinearity can cause the strength of a perfectly 

elastic shell to decrease under global bending. Moreover, as 

the mode-warped shape evolves, it is difficult to characterize it 

in a specific and reproducible way [2, 14, 29]. The incremental 

mode at the limiting load point (bifurcation point) or the NBM 

of nonlinear buckling can be significantly different from the 

linear bifurcation mode (LBM). Depending on the nonlinear 

analytical results of the perfect structure, the incremental 

mode corresponds to the bifurcation point (Figure 2) therefore, 

all incremental modes obtained before the bifurcation point 

can be used as pre-buckling mode imperfections and those 

after the bifurcation point as post-buckling mode 

imperfections. Some studies have used shells based on the 

post-buckling mode as imperfections [30-32]. In this study, 

the bifurcation-buckling mode or the pre-buckling mode 

imperfections with an imperfection amplitude in the range of 

0.01 ≤ 0 tδ ≤ 2 are considered because they are more practical 

and can significantly affect the strength of the cylinders. The 

ABAQUS fine elements software was used to perform the 

relevant calculations and extract the results for analysis. In this 

paper, the effect of the combined residual stress (applied as a 

predefined compressive stress) and the pre-buckling mode 

imperfection on the strength of the cylindrical HSS structure 

under global bending is investigated. Linear bifurcation 

analysis (LBA), Geometrically Nonlinear Analysis (GNA), 

Geometrically Nonlinear Analysis with imperfections (GNIA) 

and Geometrically and material nonlinear analysis with 

imperfections (GMNIA) were performed on short, medium 

and long cylinders to investigate the sensitivity of 

imperfections, which are useful for better understanding and 

prediction of the buckling behaviour of such structures. 

2. Numerical Modelling Using Finite 

Elements 

The commercial finite element analysis software ABAQUS 

[35] was used to model and analyze cylinders with different 

aspect ratios. The four-node reduced-integration (S4R) shell 

elements was used to design the cylindrical shell tubes. A 

reference point was created at the center of each base surface, 

which was connected to the edge surface of the cylinder via a 
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rigid kinematic coupling. It was only allowed to rotate around 

the y1 axis of the (O, x1, y1, z) coordinate system, while the 

other degrees of freedom were restricted. (O, x1, y1, z) is a 

subsystem created by rotating the x and y-axis (rotation of Ѱ= 

0.12π =21.6
0
) about the z-axis to facilitate the application of 

loads (moment M) such that the compressive area of the pipe 

due to bending corresponds to the compressive area due to the 

maximum residual compressive stress caused by welding. It is 

assumed that the model is made of high strength steel Q690 

with modulus of elasticity E of 2x10
5
N/mm

2
, Poisson's ratio of 

0.235, density of 7.85x10
-6

 kg/mm
-3

 and yield stress of 690 

MPa. With a unit thickness (t=1mm), the ratio of length to 

radius was assumed to be constant (L/r =7). The ratio of radius 

to thickness (r/t) was considered in a range of 100 ≤ r/t ≤ 700. 

A study of mesh convergence was carried out by considering 

that a chosen mesh size can be considered as an acceptable 

result if the change in critical buckling load is less than 1% of 

the further refinement of the mesh [33], therefore the mesh 

size has been determined as follows: 

2.44 rtλ =                    (6) 

 
(a) r/t=10            (b) r/t=100            (c) r/t=700 

Figure 2. Good fine mesh used for some cylinders. 

For each length-to-radius ratio, a linear bifurcation 

analysis (LBA) was performed on perfect cylinders by 

applying a limiting moment My1 as a load to determine the 

eigenvalue of the first EigenMode (Ԑ). The critical buckling 

moment Mcr (sometime expressed as MLBA) was determined 

with equation 7. 

1cr LBA YM M Mε= =              (7) 

This critical buckling moment was then used as the load for 

performing Geometric Nonlinear Analysis (GNA), Geometric 

Nonlinear Analysis with Imperfections (GNIA) and 

Geometric and Material Nonlinear Analysis with 

Imperfections (GMNIA). The modified arc length method of 

Riks [34] was used. The first reported eigenvalue of the global 

stiffness matrix corresponding to the local bifurcation point or 

global limit called LPF (Load Proportional Factor), was 

extracted and used to calculate the nonlinear buckling moment 

(Mk) using Equation 8. 

k LBAM LPF M= ×               (8) 

GNA was performed for all models and the corresponding 

bifurcation point was identified. This step was of particular 

interest because the increment of the bifurcation point (Figure 

3) is used as predefined pre- buckling imperfection in 

combination with the residual stress of the perfect cylinder for 

the GMNIA. The maximum deviation of the imperfect shell in 

the direction normal to the ideal geometry is defined as the 

imperfection amplitude 0 tδ . To define an imperfection with 

an amplitude of 0 tδ  at a given position on the 

load-displacement curve, the largest radial displacement Umax 

has to be extracted and the imperfection amplitude 0 tδ  to 

Umax ratio known as the fully deformed shape k is given as 

follows: 

0 max( . )k t Uδ=                 (9) 

 

Figure 3. Points on load-displacement path of perfect shell to define 

imperfection forms. 

The residual stress from the welding fabrication process 

was simplified and assumed to be equivalent to a pure 

compressive stress (σr); with a small effect of strength 

reduction rd (-5% ≤ rd ≤ 0). The residual stress was applied as 

a predefined longitudinal stress on small shell partitions 

during GNIA. 

100.( )d GNIA GNA GNAr M M M= −        (10) 

Where MGNIA is the moment at bifurcation for GNIA and 

MGNA is the moment at bifurcation point for GNA. 

Table 1. Equivalent compressive stress adopted and its influences. 

r/t 10 20 50 75 100 150 200 300 400 500 700 

σr 14 14 13 13 10 10 9 7 6 7 3.5 

MGNA 0.228 0.53 1.70 2.84 3.75 5.64 7.56 11.2 15.1 18.8 26.4 

MGNIA 0.227 0.518 1.69 2.74 3.62 5.48 7.19 10.7 14.4 18.1 25.5 

rd -0.3 -2.3 -1.1 -3.4 -3.3 -2.8 -4.9 -4.7 -4.3 -3.7 -3.4 

Plasticity (σy = 690MPa) was considered when performing GMNIA. The nonlinear or pre-buckling mode imperfection (Eq.9) with an amplitude 0 tδ in the 

range of 0.01 ≤
0 tδ ≤ 2, combined with the compressive stress (equivalent to the residual stress from the welding process) was applied as the initial imperfection. 

The critical GMNIA buckling moments of all models with different imperfection amplitudes were extracted and used to derive the imperfection sensitivity 

curves. 
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3. Results and Discussion 

3.1. Moment-Curvature Curves 

 

(a) 

 

(b) 

Figure 4. Moment-curvature curves for different radius-to thickness ratios 

(
0 tδ =1). 

Figure 4 shows how the shape of the moment-curvature 

curve changes as the ratio of radius to thickness varies. In this 

case, the imperfection amplitude 0 tδ =1 of the pre-buckling 

mode imperfection was considered in combination with the 

residual stress. The relationship between moment and 

curvature transitions from a smooth, reasonably ductile 

response to bifurcation buckling with a steep drop after 

buckling as the radius to thickness ratio transitions from a 

thick cylinder (r/t=10) to a moderately thin cylinder (r/t=100) 

and then to a very thin cylinder (r/t =700, not plotted). In 

Figure 4(a), the full plastic moment (Eq.3) was used to 

normalize the bending moments MGMNIA of GMNIA of the 

shell. Since the imperfection amplitude of 0 tδ =1 is such a 

geometric deviation for r/t=10, it does not reach the full plastic 

moment of the perfect geometry. Because of the complicated 

pattern of bending and stretching that yields at the deep 

imperfection, it remains ductile at a plateau near Mk/MP =0.95. 

At slightly thinner cylinders (r/t=20), ductility begins to fade 

and strength is limited by a bifurcation with a softer response 

after buckling (r/t=50). The bifurcation features a significant 

post-buckling fall by r/t =75; it is repeated as the shell grows 

thinner. In Figure 4(b), where the curvature ɸ has been 

normalized to the curvature at the bifurcation from the linear 

theory ɸcr (ɸcr =Mcr/EI), the bending moment has been 

normalized with respect to the linear bifurcation moment from 

Eq.7. The data in Figure 4(a) were plotted differently in Figure 

4(b) to show the behaviour of the thinner shells. Under plastic 

conditions, the thicker shells bifurcate, and this elastic-plastic 

buckling occurs over the entire range 50 ≤ r/t ˂ 200 for 0 tδ
=1. Cylinders with r/t ≥ 100 all reach similar moments at the 

bifurcation, occurring elastically near Mk/MLBA=0.85. 

The same procedure is used for the next parts. The bending 

moment (MGMNIA) of the bifurcation point is taken into account. 

The whole range of the pre-buckling mode imperfection 

amplitude (0.01≤ 0 tδ ≤2) in combination with the 

compressive residual stress and all radius to thickness ratios 

(10 ≤ r/t ≤ 700) are considered to investigate and understand 

well the behaviour of the cylinders. 

 

(a) 

 

(b) 

Figure 5. Pre-buckling imperfection sensitivity curves for different r/t of 

cylinders with predefined compressive stress under global bending. 
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3.2. Imperfection Sensitivity Curves for Cylinders with 

Different Aspect Ratios 

Figure 5 shows the imperfection sensitivity curves for 

different radius to thickness ratios of cylinders with 

predefined compressive stress (corresponding to the residual 

stress from the welding process) and different pre-buckling 

mode imperfection amplitudes. The increase in imperfection 

amplitude leads to a greater loss of strength, which is more 

effective for moderately and very thin cylinders. In Figure 5(a), 

where the moment MGMNIA has been normalized by the critical 

linear moment MLBA, the effects of imperfection appear to be 

very similar for cylinders in the range 200 ≤ r/t ≤ 700. It is 

difficult to distinguish the different paths of cylinders in this 

similar range, so the same data have been plotted in Figure 

5(b), with MGMNIA normalized by the full plastic moment Mp. 

The curves for the thick cylinders show the effect of plasticity 

and imperfection amplitude on buckling strength, while the 

curves for the medium and thin cylinders show only the effect 

of imperfection amplitude due to elastic buckling, which 

occurs in these cylinders even when plasticity is taken into 

account. 

4. Conclusion 

In this paper, high-strength steel with Q690 (having a 

constant yield strength of 690MPa) under global bending 

was studied. The pre-buckling deformation mode of the 

perfect structure combined with predefined compressive 

stress (equivalent to the longitudinal residual stress from the 

welding fabrication process) was applied as predefined 

imperfections during the GMNIA. The influences of the 

combined imperfections show that the loss of strength due to 

the increase of the pre-buckling mode imperfection 

amplitude is more effective for moderately and very thin 

cylinders where the buckling strength is not affected by 

plasticity. For thick cylinders, the effect of plasticity is more 

consequent while the combined imperfections do not affect 

the buckling strength considerably with the increase of the 

pre-buckling mode imperfection amplitude. This paper 

describes the behavior in the elastic-plastic range of 

high-strength steel cylinders under global bending subject to 

combined pre-buckling mode imperfections and residual 

stress. It demonstrates how the imperfections influences can 

be used to understand, predict, and accurately describe the 

complex mechanical behaviour of cylindrical shells under 

certain loading conditions. 

 

References 

[1] Calladine C. R., Theory of Shell Structures, Cambridge 
University Press, 1983. 

[2] Yamaki, N. Elastic Stability of Circular Cylindrical Shells. 
North Holland, Elsevier Applied Science Publishers, 
Amsterdam, 1984. 

[3] Rotter J. M. and Teng J. G., “Elastic stability of cylindrical 

shells with weld depressions”, Journal of Structural 
Engineering, 115 (5), 1244-1263, 1989. 

[4] Donnell L. and Wan C., “Effect of Imperfections on Buckling 
of Thin Cylinders and Columns under Axial Compression”, 
Journal of Applied Mechanics - Transactions of the ASME, 17 
(1), 73-83, 1950. 

[5] Koiter W. T., “The Effect of Axisymmetric Imperfections on the 
Buckling of Cylindrical Shells under Axial Compression”, 
Proc Koninklijke Nederlandse Akademie van Wetenschappen, 
265- 279, 1963. 

[6] Hutchinson J. and Koiter W. T., “Postbuckling Theory”, 
Applied Mechanics Reviews, 23 (12), 1353-1366, 1970. 

[7] Cohen G. A., “Computer Analysis of Imperfection Sensitivity 
of Ring-stiffened Orthotropic Shells of Revolution”, AIAA 
Journal, 9 (6), 1032-1039, 1971. 

[8] Arbocz J. and Sechler E., “On the Buckling of Axially 
Compressed Imperfect Cylindrical Shells”, Journal of Applied 
Mechanics, 41 (3), 737-743, 1974. 

[9] Singer J., “The Status of Experimental Buckling 
Investigations of Shells”, Buckling of Shells, Springer, 
501-533, 1982. 

[10] Lei Chen, Cornelia Doerich and J. Michael., "A study of 
cylindrical shells under global bending in the elastic-plastic 
range", Steel Construction 1, Issue 1, pp 59-65, 2008. 

[11] Oluwole K. Fajuyitan, Adam J. Sadowski, J. Michael Rotter., 
"A Study Of Imperfect Cylindrical Steel Tubes Under Global 
Bending And Varying Support Conditions", Eighth 
International Conference on ADVANCES IN STEEL 
STRUCTURES, Lisbon, Portugal, July 22-24, 2015. 

[12] Kshitij Kumar Yadava, Simos Gerasimidis," Instability of thin 
steel cylindrical shells under bending", Thin-Walled Structures 
137, 151–166, 2019. 

[13] Jie Wang a, O. Kunle Fajuyitan b, M. Anwar Orabi c, J. 
Michael Rotter b, Adam J. Sadowski.,"Cylindrical shells under 
uniform bending in the framework of Reference Resistance 
Design", Journal of Constructional Steel Research 166 
(105920), 1-17, 2020. 

[14] Rotter, J. M. Buckling of cylindrical shells under axial 
compression. In: Teng, J. G., Rotter, J. M. (Eds.), Buckling of 
Thin Metal Shells. Spon Press, London, pp. 42–87, 2004. 

[15] Chin-Hyung L, Jeong-Hoon B and Kyong-Ho C., Bending 
capacity of girth-welded circular steel tubes. Journal of 
Constructional Steel Research 75 (10): 142–151, 2012. 

[16] Lindgren LE., Finite element modelling and simulation of 
welding, part 1 increased complexity. Journal of Thermal 
Stresses 24: 141–192, 2001a. 

[17] Lindgren LE., Finite element modelling and simulation of 
welding, part 2 improved material modeling. Journal of 
Thermal Stresses 24: 195–231, 2001b. 

[18] Lindgren LE., Finite element modelling and simulation of 
welding, part 3 efficiency and integration. Journal of Thermal 
Stresses 24: 305–334, 2001c. 

[19] Lindgren LE., Numerical modelling of welding. Computer 
Methods in Applied Mechanics and Engineering 195: 6710–
6736, 2006. 



54 Kapnang Franky et al.:  Elastic-plastic Buckling Analysis of Q690 High Strength Steel Tubes  

Under Global Bending 

[20] Nishino F, Ueda Y and Tall L., Experimental investigation of 
the buckling of plates with residual stresses. In Test Methods 
for Compression Members. American Society for Testing and 
Materials, Philadelphia, PA, USA, ASTM special technical 
publication, STP 419, pp. 12–30, 1967. 

[21] Beg D and Hlandnik L., Slenderness limit of class 3 I 
cross-sections made of high strength steel. Journal of 
Constructional Steel Research 38 (8): 201–207, 1996. 

[22] Rasmussen KJR and Hancock GJ., Plate slenderness limits for 
high strength steel sections. Journal of Constructional Steel 
Research 23 (1): 73–96, 1992. 

[23] Rasmussen KJR and Hancock GJ., Tests of high strength steel 
columns. Journal of Constructional Steel Research 34 (1): 27–
52, 1995. 

[24] Shi G, Jiang X, Zhou W, et al., Experimental investigation and 
modelling on residual stress of welded steel circular tubes. Int. 
J. Steel Struct. 13 (3): 495–508, 2013. 

[25] Yang C, Yang J, Su M, et al. Residual stress in 
high-strength-steel welded circular tube. Struct. Build. 1–10., 
2016. 

[26] Gang S, Xue J, Wenjing Z et al., Experimental study on column 
buckling of 420 MPa high strength steel welded circular tubes. 
Journal of Constructional Steel Research 100: 71–81., 2014. 

[27] Ballio G and Mazzolani FM., Theory and Design of Steel 
Structures. Chapman and Hall, London, UK, and New York, 
NY, USA, pp. 123–125, 1983. 

[28] Wei Yanlei, Guo Yonghua, Sun Qing, Zhang Bin., “Study on 

local stability of Q690 high-strength steel tube under axial 
compression”, China civil engineering Journal, Vol. 46, No. 5, 
pp 1-12, 2013. doi: 10.15951/j.tmgcxb.2013.05.012 (paper in 
Chinese). 

[29] Riks, E., Rankin, C. C., Brogan, F. A., On the solution of mode 
jumping phenomena in thin-walled shell structures. Comput. 
Methods Appl. Mech. Engng. 136, 59–92, 1996. 

[30] Esslinger, M., Geier, B., Gerechnete Nachbeulasten als untere 
Grenze der experimentellen axialen Beulasten von 
Kresiszylindern. Der Stahlbau 41 (12), 353–360, 1972. 

[31] Guggenberger, W., Greiner, R., Rotter, J. M., The behavior of 
locally-supported cylindrical shells: unstiffened shells. J. 
Construct. Steel Res. 56, 175–197, 2000. 

[32] Schneider, W., Hohn, K., Timmel, I., Thiele, R., 
Quasi-collapse-affine imperfections at slender wind-loaded 
cylindrical steel € shells. In: Proceedings of 2nd European 
Conference on Computational Mechanics––ECCM-2001, 
Cracow, Poland. 

[33] Song, C. Y., Teng, J. G. and Rotter, J. M., “Imperfection 
sensitivity of thin elastic cylindrical shells subject to partial 
axial compression”, International Journal of Solids and 
Structures, Vol. 41, July, pp 7155-7180, 2004. 

[34] Riks E., “An incremental approach to the solution of snapping 
and buckling problems”, International Journal of Solids and 
Structures, 15 (7), 529-551, 1979. 

[35] ABAQUS, 2020. ABAQUS Theory Manual. Dassault Systèmes 
Simulia Corp., Providence, RI, USA. 

 


